Abstract. In this paper the delamination problem for laminated plates is studied. A nonmonotone multivalued law is introduced in order to describe the interlaminar bonding forces. This law is written as the generalized gradient in the sense of F. H. Clarke of an appropriately defined nonconvex superpotential. Moreover, monotone boundary conditions of the subdifferential type are assumed to hold. The problem is formulated as a variational-hemivariational inequality expressing the principle of virtual work in inequality form. By using compactness and monotonicity arguments, the existence and the approximation of the solution of this inequality are investigated.
1. Introduction. In the present paper we deal with laminated plates, allowing for debonding of the laminae. The developed theory also holds for any type of layered plates or sandwich plates. The interaction between the laminae is described by a nonmonotone, possibly multivalued law connecting the interlaminar bonding forces with the corresponding relative displacements. This law permits the formulation of the problem as a hemivariational inequality (cf. [ 1 ] - [3] ) if classical boundary conditions are assumed to hold. In the case of more complicated boundary conditions but of monotone type, which are derived through subdifferentiation from a convex superpotential [4] , we obtain a variational-hemivariational inequality [5] . This variational-hemivariational inequality is studied here from the point of view of the existence and the approximation of his solution.
The considered problem is a unilateral one since its variational formulation is an inequality. Unilateral problems in the theory of plates were first studied (see, e.g., [6, 3] ) in the context of convexity and they give rise to variational inequalities. Here the nonmonotone interlaminar law is expressed in terms of a nonconvex superpotential [1] by forming its generalized gradient (see, e.g., [7] ). Hemivariational inequalities I = 7, + 7i in i = 1.
(2.2)
To describe the bonding effect from the phenomenological point of view we can consider diagrams I, II, III of Fig. 2b , which take into consideration local cracking and crushing effects (cf. [1] [2] [3] ) at the interface, characterized by brittle or semibrittle (dashed line) behavior (debonding effects). This graph corresponds to the adhesive contact of two laminae having negligible initial thickness of adhesive material between them. According to the assumption of plate theory, the two laminae are incompressible in the direction Ox3 and thus the condition of nonpenetrability should be described by a vertical branch AB. However, here, in order to take into account the possibility of elastic deformations of the laminae in the direction Ox3, we allow the line AB to have a small slope (line AB'). Analogously, the graph of Fig. 2c corresponds to the more realistic case of a bonding sheet between the two laminae of thickness h > h'. It is worth noting that the developed theory here simulates the action of the adhesive material only in the direction normal to the plate. Interlayer slip, which together with the debonding normal to the laminae constitutes the main cause of the degradation of laminated plates, may occur in the framework of the theory presented here as a result of the Bernoulli assumption for each plate. A more complete study of the connection of debonding due to bending and that due to plane interlaminar stresses could be achieved only in the framework of von Karman plate theory and will be attempted elsewhere. In the present paper we make the general assumption that /, is generally a multivalued nonmonotone function (cf. Fig. 2d ) of the relative displacement of two plates. The graph of /? may include vertical "filled in" gaps of finite length (Fig. 2b,c,d ).
Further, we assume generally that /?:/?-+ P{R) is a nonmonotone multivalued function, which is obtained in the following way. Let /? be a locally bounded, measurable function /? : R -> R, i.e., p e L™C(R). Moreover, for any e > 0 and £ e R we define the numbers /?£(£i) = ess sup /?(£), [1, 3] describing the behavior of the adhesive material between the plates. Now we can proceed to the derivation of the variational formulation of the problem. From (2.1), assuming sufficiently regular functions, we get the expressions «(C/. z,) = j fz, dQ, + j Qj{Ci)Zi dTi -j M,(C,) dYh Vz, e Z" i = 1, 2.
(2.14) is the total shearing force on the plate boundary T. Equation (2.14) expresses the "principle of virtual work" for each lamina; Z, denotes the appropriate vector space for the deflections which will be defined later. We write Eqs. (2.14) for i -1,2 and add. Then from (2.12) we get, by setting [£] = Ci -£2 and [z] -z\ -z2, the hemivariational inequality
Further, we specify the boundary conditions of each plate: let us assume that general monotone boundary conditions [12, 3] hold on the boundaries of the two plates r,, r2.°n 
Qi Equation (2.27) constitutes a variational-hemivariational inequality expressing the principle of virtual work in its inequality form.
Obviously, all combinations of classical boundary conditions with boundary conditions of monotone type resulting from convex superpotentials give rise to variationalhemivariational inequalities analogous to (2.27). Only modifications of the range of the integrals in (2.25) and (2.26) will be necessary. Further, we shall study (2.27) on the assumption that the boundary conditions guarantee the coerciveness of the bilinear forms; i.e., a "rigid lamina" displacement (polynomial of first degree in x\ and x2) is not permitted. Moreover, we include the classical boundary conditions in Z,-. For homogeneous boundary conditions Z, is a closed linear subspace of //2(fi,), whereas for inhomogeneous boundary conditions Z, is a closed linear subvariety of H2(Q.j). In the latter case an appropriate translation transforms the boundary conditions into homogeneous ones. For simplicity we first study the following problem (problem 2). We assume that c2 = 0 and dC2/dn = 0 on T2 (2.28) and that f,=0 and (2.19) holds on T,. (2.29)
These boundary conditions guarantee the coerciveness of the bilinear forms. Then Z, = //2(Q,)n //'(Q,) and Z2 = HZ(Q.2).
Problem 2. Find £1 e Zx and £2 e Z2 such as to satisfy the variational-hemivariational inequality
The above is a model problem: the method applied to its study remains the same if other more general boundary conditions are considered provided that the coerciveness of the bilinear forms is preserved. Such more general problems will be examined in the sequel.
3. Existence and approximation results; the differentiable case. We assume that for some £ e R esssup /?(£) < essinf /?(£), (3.1)
i.e., that P "ultimately" increases. Obviously we can assume without loss of generality (appropriate translation of the coordinate axes) that
Note that it is possible that /?(±oo) = ±00. We shall distinguish two problems with respect to Op in the first case we assume that gradOi(-) exists everywhere ("differentiable" case), while in the second case <t>i is generally l.s.c., not everywhere differentiable, and may take values in (-00, +00], C> ^ 00 (the "nondifferentiable" case).
Let us denote by (■, •} the duality pairing between the spaces Z, and Z\. Note that (2.30) is equivalent to
€ Z|, Vz2 e Z2. We consider the regularized problem 2e, which is defined as follows. Let p be a mollifier, i.e., p E Q?(-l, + 1), p > 0, with p{£)d£ = 1 and let Pe = Pe * P, e > 0, (3.4) where pe{£) = (1 /e)p{£/e) and * denotes the convolution product. Then problem 2£ reads Problem 2e. Find Cie € Z\ and C2c G Z2 such as to satisfy the variational equality a,(Ci£> zi) + a2{C2£, z2) + (gradO,(Ci£), z\)
We consider a Galerkin basis of Z,, i = 1,2, and we denote by Z," the corresponding ^-dimensional subspace of Z,. Then the following finite-dimensional problem is formulated.
Problem 2m. Find CiM e Z|", C2e" s Z2" such as to satisfy the variational equality «i(Cien, + a2(£2£", z2) + (grad <I>| (Ci£«)> zi> (3.6)
Besides assumption (3.1), we assume further that grad<5|(0) = 0. From (3.9), (3.10), and (3.11) we find that
Ci,c2,c3,c4 const. > 0.
(3.12) By Brouwer's theorem (3.8) has a solution C£" with ||C£"|| < c. Further, we shall investigate the behavior of the solution C£" of the finite-dimensional problem 2e" as e -> 0 and n -» 00. Due to the fact that {(I£«} is bounded in Zj, i = 1, 2, we may extract a subsequence, again denoted by {£,«}, such as to satisfy for e -► 0, n -* 00
Cien -> Ci weakly in Z" i = 
where again (3.11) has been applied (see also (3.9) We can easily verify that fieii) = {Pe * P){Z) = [ P(£-t)Pe{t)dt<esss\ipP($-t) (3.41a)
J-E |f|<£ and analogously essinf 0{Z-t)<pe{Z). and by taking a as small as we wish we obtain (3.37). □ Lemma 3. Also, combinations of subdifferential boundary conditions can be dealt with. Suppose, e.g., that on T' c T, and r; ' c r, the plates Q, are subjected to the boundary conditions' (2.19) and (2.21) on T' and (2.20) and (2.22) on T", respectively, and that on the remaining parts T'" of their boundaries they are subjected to classical ' Various types of boundary conditions may simplify some parts of the proof. (The proof of Problem 2 is the most general possible.) For instance, due to the imbeddings c C°(fl) C C°(T) C L°°(r) and the smoothness of /?£ the part of the proof (3.16-3.23 ) is superfluous for the variational-hemivariational inequality (2.30). However, the L'-weak precompactness of {Pc(C,et])} has to be shown in any problem for which the previous imbeddings do not hold, e.g., for a hemivariational inequality formulated in the //'-space (see [3] , p. 272). This is also the case in our problem if a nonmonotone boundary condition holds, i.e., if (2.19) is replaced by M e b\ ( ) = dip, ( ) on T boundary conditions which guarantee the coerciveness of the bilinear forms. Then we may pose the problem in the general form (2.27). We may also define, for / = 1,2, the convex, l.s.c., and proper functionals <Pi{Zi) = '
and (p'tizi) e L\T"), .3) where now the latter have to be assumed for the b\s corresponding to <p, and <p'r i = 1,2. As noticed before, the growth assumptions with respect to the (p\s may be replaced by (6.1) and (6.2) whereas the latter may also be replaced by ^ -> b'ip(C) € C°(R).
We may also obtain existence and approximation results if subdifferential conditions hold in fi" c fi,, / = 1, 2, of the following form. Suppose that fi -ft + f", where f' is given in L2(fi,) and -7p € dtp'/iCi) onQJ'cO,, (6.4) J? = 0 on fi, -fi;', where fi, n T, = 0. Here <p'' is a convex, l.s.c., proper functional on R. It is well known (cf. [3] , p. 91) that (6.4) describes the unilateral contact problem for each plate (cf. Fig. 3) for a deformable or a rigid support. In this case 0,(z,) in (6.3) will also contain the term {fQ" $>"(&) d£2 if <p"{Ci) E L] (fi), oo otherwise}. Again Propositions 3.1 and 4.1 hold under the same assumptions as before, and analogously strong convergence may also be shown. In this case b"(£) e d<p"{^) has to satisfy a relation of the form (6.1) and 6",(^) = grad(p"pi{£) a relation analogous to (6.2) or that £ -► b'pj{£,) e C°(R). The method developed can also be applied to orthotropic or anisotropic plates by changing appropriately the bilinear forms a, (C/. z,). Until now we have considered a laminated plate consisting of two laminae. The same results can be obtained for a laminated plate consisting of n laminae which Then we take the Galerkin approximation i): | Z", c Z, = Z, n € Z). <)n e Z-^tr, n where Z, is dense in Z|; (3.14) is replaced by <K\,:nl<>n -► H£\/i)n strongly in L2(T|) and then the ZJ -weak precompactness of } has to be proved (cf. (3.19-3.24) ).
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are bonded by interface laws of the nonmonotone possibly multivalued form (2.4)-(2.6). Let us assume that all the subdifferential boundary conditions of each plate are included in a functional <J>; defined as in (6.3), whereas the classical boundary conditions are taken into account in the definition of the subspaces Z, , i = 1,2 Then we may formulate the following problem. The proof is the same as the proof of Propositions 3.1 and 4.1 and therefore is omitted here. Analogously, we obtain the strong convergence and therefore the convergence in the C°(Q,)-norm, if growth assumptions (5.2), (5.3) and/or (6.1), (6.2) hold.
It is worth noting that by applying the method of [3] , p. 150 all the studied problems can be formulated as substationarity problems of the potential energy. Moreover, because of the lack of convexity the problem does not have a unique solution. Each local minimum of the potential energy is a substationarity point and therefore a solution of the variational-hemivariational inequality-and therefore of the problem-but not conversely.
The method applied to the study of the existence and approximation of the solution of laminated plates in Propositions 3.1 and 4.1 can also be applied to the study of the existence and approximation of the solution of more abstract mathematical problems. We mean here nonmonotone perturbations (expressed in terms of generalized gradients) of multivalued equations of the form / -Au e 30(w), i.e., the study of multivalued equations of the form f -Au € d<&(u) + d £(u).
(6.6)
Here dC, introduces the nonmonotone perturbations of the equation, O is a convex, l.s.c., and proper functional on a Banach space V, f e V, and A: V -► V is a linear, bounded coercive operator.
